The ORCID identification number(s) for the author(s) of this article can be found under https://doi.org/10.1002/adma.201806687. quantum mechanical principles this approach allows a subject to know the exact description of a system. This phenomenon led the renowned physicist Feynman, [3] among others, [4] to propose the exploitation of entanglement and/or superposition of states to perform certain computational tasks not achievable with classical computers. However, the challenge of such a proposal is the development of both hardware and software components, i.e., building blocks and algorithms, compatible to perform processing of information at the quantum level (Figure 1) .
On the software side of quantum algorithms, the early developments of the quantum information processing (QIP) field were slow until 1994 when Peter Shor reported a remarkable quantum polynomial algorithm to factorize integers. [5] This was quickly followed by Grover's quantum algorithm, [6] which proposes the use of quantum mechanics to achieve quadratic speedup in search queries of unsorted databases or general optimization tasks. Lloyd subsequently validated Feynman's proposition in which a quantum computer (QC) could simulate intractable quantum systems. [7] These advantages undoubtedly led to a single conclusion: a QC and QIP can outperform classical processing schemes, computers, or algorithms in certain tasks that even extremely powerful computer clusters would not be able to perform. In March of 2018, Intel presented a 49-qubit QC chip, [8] while IBM and other competitors were allowing to execute quantum algorithms using qubit numbers up to 19. [9] However, it is estimated that a very large number of qubits will be needed to achieve quantum supremacy, in particular because of highly demanding error correction lines.
On the hardware side, the very special requirements of the quantum mechanical laws will necessarily lead to the development of new classes of materials as building blocks. In this context, during the last decade, several materials have been proposed as quantum bits (qubits) ranging from defects in solids, [10] [11] [12] quantum dots, [13, 14] photons, [15, 16] impurities in solids, [17] [18] [19] superconducting systems, [20] trapped ions, [21] and molecules, [22] among others. Obviously, there is considerable motivation to produce quantum computers. This has attracted a great deal of interest from scientists working in materials science, chemistry, physics, and nanofabrication technologies. For example, the company D-wave has disclosed a quantum annealer that performs certain calculations with sufficient speed. A consortium involving Google and NASA has therefore invested large sums in such technology exhibiting still inconclusive results in terms of showing quantum advantage. [23] However, one common challenge of these different approaches toward the realization of such a break-through technology is the attempt to establish scalability of the available states, the so-called Hilbert space. This means that even when proof-of-principle studies show that quantum operations are possible, it is not clear whether the quantum principle of superposition and entanglement can be maintained in a sufficiently robust manner for larger qubit ensembles. [24] In this progress report, we would like to address the goal of linear and exponential up-scalability of the available Hilbert space expressed through the qudit-dimension "d" by synthesising lanthanide metal complexes as quantum computing hardware. The synthesis of multinuclear large-Hilbert-space complexes has to be carried out under strict control of the nuclear spin degree of freedom leading to isotopologues, defined here as molecular entities that differ only in their isotopic composition of the central atom, whereby electronic coupling between several nuclear spin units will exponentially extend the Hilbert space available for quantum information processing. Thus, improved multilevel spin qudits can be achieved that exhibit an exponentially scalable Hilbert space that might enable high-performance quantum computing and information storage.
Molecular Quantum Devices
Molecular quantum magnets are considered promising quantum objects because of i) their intrinsic monodispersity and ii) the unique possibility of individualized control of the surrounding atoms. These molecular objects can be produced by synthetic techniques in a large number of identical (i.e., atomically precise) copies -a prerequirement for the scalable exploitation of the quantum properties. Devices based on single or small numbers of molecules could speed up information handling or allow new unprecedented processing schemes.
In a series of recent publications, [25] it was shown that magnetic molecules, in particular lanthanide complexes as 159 TbPc 2 single molecule magnets (SMMs), can act as active units in different molecular quantum spintronic devices as i) the molecular spin valve, [26] ii) the molecular spin transistor, [27, 28] and iii) the molecular spin resonator. [29] These devices show general features of all-electrical control of a single nuclear spin qubit in a molecule. Moreover, molecule-based nuclear spins are extremely well-isolated from environmental perturbations, making them less prone to decoherence. Because these results are of general character and thus potentially transferable to other magnetic molecules, these investigations reveal new possibilities for device physics (Figure 2 ).
Molecular Systems
In our own work, we could show that the 159 TbPc 2 -SMM complex fulfills all criteria to act as qudit. [30] The 159 TbPc 2 molecule is built up from an atomic core of a metal ion surrounded by a shell of organic material (Figure 3) . At low temperatures, the lanthanide-based spin behaves as simple, few-level system sufficiently decoupled from the environment allowing for long decoherence times, thereby making them ideal candidates for the implementation of qudits. The 159 TbPc 2 complex behaves as an SMM composed of three magnetic components: i) an S = 1/2 organic π-radical, which is delocalized over the two aromatic phthalocyanine (Pc) ligands. The interaction of the π-radical with the 4f-electrons of the 159 Tb 3+ ions is antiferromagnetic in nature. ii) At the metal side, the electronic spin J = 6 arises from strong spin-orbit coupling with a total spin of S = 3 and the orbital momentum L = 3. The ligand field, which is generated by the two Pc ligands, leads to a well-isolated electron spin ground state doublet of |J = +6〉 and |J = −6〉 with a uniaxial anisotropy axis perpendicular to the Pc plane. iii) The twofold degeneracy of the doublet is lifted by the hyperfine coupling to the nuclear spin embodied in the lanthanide (I = 3/2) and splits each electronic spin ground state into four different quantum states. A nuclear spin qubit emerges from the atomic core of the 159 Tb 3+ ion. The molecule possesses a nuclear spin I = 3/2 expressed as four different electromagnetic qudit states |−3/2〉, |−1/2〉, |+1/2〉, and |+3/2〉 exhibiting four avoided level crossings with a tunnel splitting of each of around 1 mK ( Figure 3 ).
The electronic transport through single TbPc 2 molecules was realized under variable magnetic fields, thus revealing hysteretic behavior that is reminiscent of the magnetic hysteresis because of resonant quantum tunneling between hyperfine split energy levels. The experimental read-out procedure relies on the highly efficient detection of the quantum tunneling of magnetization (QTM) of the electronic magnetic moment at particular values of the magnetic field corresponding to the four avoided energy-level crossings. This is in perfect quantitative agreement with theoretical predictions. Remarkably, by recording the conductance as a function of an external magnetic field, it was possible to determine the dynamics of the four different nuclear spin states and thus to measure individual relaxation times (T 1 ) exceeding several tens of seconds. The experiment is found to be in good agreement with quantum Monte Carlo simulations, suggesting that the relaxation times are limited by the current traversing the transistor. As a result, the electrical read-out of time-trajectories obtained from the isolated nuclear spin I = 3/2 was reported. The device detects the four different nuclear spin states of the Tb(III) ion with high fidelities of 95%. [27] Ramsey experiments allow the extraction of Figure) is contacted at each end by nonmagnetic electrodes (gold color). The device is coupled laterally to 159 TbPc 2 quantum magnets (green). Sweeping a magnetic field modulates the conductance through the CNT, achieving magnetoresistance ratios up to 300% between fully polarized and nonpolarized molecular configurations. c) First realization of a multigate device. The carbon nanotube is connected to three electrodes (green). Several local gates (blue) allow the tuning of the coupling between the nanotube and the 159 TbPc 2 -SMMs deposited onto the nanotube. [26] [27] [28] [29] Panel a reproduced with permission. [28] Copyright 2014, AAAS. a dephasing time of T* 2 ≈ 0.3 ms for the nuclear spin qudit with four states and three transition frequencies. [28, 31] Hahn spin-echo experiments yielded a T 2 ≈ 1.2 ms. The experiment showed also that the resonance frequencies can be tuned electrically by means of the bias voltage, [28] which is an important feature needed for more advanced quantum algorithms with several qudits. We reported proof-of-principle experiments with this system, in which the different implementations of quantum algorithms were tested. [31, 32] Most recently, Grover quantum search algorithm was implemented into a single molecule transistor featuring a 159 TbPc 2 qudit (Figure 4 ). [31] Grover's quantum algorithm, proposed first by Lov Grover in 1996, a scientist at Bell Labs, is intended to find an element in an unsorted list or large data base with N entries in O(N 1/2 ) time and using O(logN) storage space (with O being any kind of observable and N the number of entries). [33] Classical searching of an unsorted database requires a linear search algorithm, i.e., O(N) in time. Grover's quantum algorithm, which takes O(N 1/2 ) time, is the fastest possible algorithm for searching an unsorted database. It provides "only" a quadratic speedup, unlike other quantum algorithms, which can provide exponential speedup over their classical counterparts; however, quadratic speedup is considerable when N is large. Grover's algorithm is nondeterministic, in the sense that it gives the correct answer with high probability. By repeating the algorithm and using a target value, this probability can be increased. As early as in 1998, Grover's quantum search algorithm was implemented in a nuclear magnetic resonance (NMR)-experiment using the nuclear spin of carbonlabeled chloroform 13 C 1 HCl 3 as a two-qubit platform. [34] Following this strategy, it was shown that the 159 TbPc 2 molecule can act as two qubit-system or qudit with d = 4, making it possible to address and detect single nuclear spin states using the QTM of the SMM and to observe long energy-level lifetimes. Noticeably, this coherent manipulation was achieved by means of electric fields only and it was implemented by constructing a quantum register via a multilevel Hadamard gate. The Grover sequence then allowed selection of the respective state of interest. [28, 33] The method presented is universal and can be implemented in any multilevel quantum system with nonequally spaced energy levels, thus paving the way for novel quantum search algorithms. These results show how the coherent control over a single nuclear spin embedded in a molecular spin transistor can be gained and read-out nondestructively.
Another molecular system to potentially act as qudit system is shown in Figure 5 , where the carbamate formation from CO 2 and a lanthanide source in the presence of a secondary amine was explored leading to a lanthanide-carbamate cage with the formula [Dy 4 (O 2 CN i Pr 2 ) 12 ] 0 . [34] Magnetic studies showed slow relaxation leading to the observation of hysteresis loops; the tetranuclear cage being an SMM. Detailed interpretation of the data revealed: i) the presence of two different exchange interactions, ferromagnetic and antiferromagnetic, and ii) the observation of exchange-bias quantum tunneling with two distinct sets of loops, attributable to ferromagnetic interactions between dysprosium (III) ions at longer distances and antiferromagnetic exchange between dysprosium ions at shorter distances. The coexistence of two applied-field direction dependent exchange pathways and the interesting magnetic dynamics in [Dy 4 (O 2 CN i Pr 2 ) 12 ] 0 could be of potential use in the above described quantum spintronic devices. The tuning and control of the quantum tunneling transitions upon manipulation of the field direction and/or the resonance fields would signify that the molecule could be exploited in four-qubit quantum computing algorithms, paving the way for higher-level qudits. In particular, when exploring the nuclear spins of the 163 12 ] 0 with the field applied along and transverse to the anisotropic easy axis. Two different exchange pathways operate at molecular level, numbers 1-6 indicate the respective QTM events. Panels a-d reproduced with permission. [34] Copyright 2017, the Royal Society of Chemistry.
four I = 5/2 qudits could be coupled to a Hilbert space with d = (2I + 1) 4 = 1296 (see Section 4.2).
Scaling of the Hilbert Space of Molecular Spin Qudits
Actually, 159 TbPc 2 acts in the described experiments as multilevel qubit, also called spin "qudit," based on the inherently entangled electronic and spin states of mole cules. Actually, the qudit concept can be considered as a promising alternative to deliver exponential scalability of the available Hilbert space for quantum algorithms. Based on this property, qudits were proposed to play a key role in the realization of robust [35a] and universal quantum computation. [35b] The implementation of the Grover algorithm in a single molecular unit is possible because of the multilevel characteristics of the 159 TbPc 2 molecular unit, in which the four nuclear spin states act as two quantum bits in one molecule. This observation clearly shows the advantage of the multilevel qudits (d > 2) over their two-level qubit (d = 2) counterparts, but the central challenge remains that the dimension d has to be increased to large numbers. [36] In qudits entanglement and superposition can simultaneously be achieved in large dimensions, in so called Hadamard gates, requiring smaller numbers of quantum processing units. [37, 38] In addition, the multilevel character of the nuclear spin embodied in the lanthanide-based quantum magnets can be employed to directly perform quantum algorithms in a single unit. It becomes obvious that the available Hilbert space in qudits can increase faster than in qubits, following d = (2I + 1) n with I being the nuclear spin state and n the number of involved metal ions, vide supra.
However, to achieve state numbers needed to express eventually quantum supremacy, the quantum operation presented above has to be extended to alternative spin qubit devices dealing with an increased number of states. The great diversity of available molecular to act as qudits and with their inherent tunability could provide higher nuclear spin values that might afford much bigger databases for the field of molecular quantum computation.
An important requirement for the implementation of 2D electronic quantum bits in logic gates is the entanglement of these building blocks into arrays in order to produce higher order qubit geometries, ultimately allowing gate operations. In qudits, this can be achieved by magnetic coupling of the electronic spins. Several molecular materials have been proposed and studied as qudits building blocks and quantum gates because of their customizable chemical design. The molecules obtained would allow the processing of information at a quantum level due to the 2 N states generated by the magnetically coupled central atoms. Chemistry offers all necessary tools to achieve such a goal as illustrated by the chemically-engineered {Cr 7 Ni} unit, which could be used as CNOT and iSWAP gates, [39] and a lanthanide dimer, which acts as a CNOT gate. [40] Unfortunately, operation with local qubits is not sufficient for creating quantum gates and global quantum evolutions, thus making correlated operations a necessity. The latter can be translated to a larger number of qudit aggregates, in chemical terms, isotopological multinuclear complexes. Istopological chemistry undoubtedly offers all the tools necessary to create such large qudit aggregates, which can ultimately be employed as universal quantum gates via ligand design. Isotopological chemistry also allows the metal centers to be exploited to create a larger number of states thus allowing for the production of large-scale qudits. The larger qudit state dimension will offer greater flexibility for different quantum applications. [36] Moreover, the isotopological character of lanthanide complexes allows also to make "dummy" complexes containing no nuclear spin on the central atom to study of the effect of nuclear spin fluctuation in the transport of device applications. Another possibility is that, by excluding the nuclear spins embedded on the ligands, it will be possible to isotologically engineer the ligand field around the central atom bearing the Hilbert space, thereby influencing their quantum tunneling and decoherence rates. Nuclear spins in the immediate environment of the lanthanide may be responsible for the shortening of the coherence time T 2 . [28] In conclusion, molecular systems clearly offer the advantage to chemically design their ground state. Thus, it was shown that the nuclear spins embedded in an SMM could act as nuclear spin qudits with the advantage of being extremely robust to environmental fluctuations. Driven by these arguments, we endeavor to create larger nuclear spin qudits by chemical design of the nuclear states embedded in the lanthanides. To achieve this, we propose in the following two main strategies: i) the enlargement of the nuclear states by employing isotopically enriched lanthanide sources and ii) the expansion of the nuclear spin states via coupling of the electronic states. The enlarged Hilbert space (i.e., number of nuclear states available for computation) will allow, in principle, for the realization of more complex algorithms in a single molecular unit.
Linear Scaling: Nuclear Spin Multiplicity in Mononuclear Isotopologues
As described above, the nuclear spins embedded in the lanthanide centers comprising the magnetic behavior of SMMs can be used to exploit the quantum effects associated to the nuclear states to implement quantum-computing algorithms. However, there are two strong requirements to allow a magnetic molecule to act as molecular spin qudit in quantum information schemes: 1) The presence of a strong magnetic anisotropy of SMMs is a precondition for the successful initialization, manipulation, and read-out of the nuclear-state based quantum information.
2) The hyperfine interaction between the electronic lanthanide spin J and the nuclear spin I has to exhibit a quadrupolar term P to allow the selective addressing of the different nuclear spin states levels by external microwave pulses. Concerning the first point, although 159 Tb-based SMMs seem promising candidates as nuclear spin qubits, the non-Kramers character of the Tb(III) ion has led to a very limited number of examples of Tb(III)-based SMMs with satisfyingly strong magnetic anisotropy. Instead, the much more favorable Kramers character of Dy(III) often produces a well isolated ground doublet state, making it the leading lanthanide for the synthesis of SMMs. However, before the advantageous magnetic properties of Dy(III) ions can be used, one challenge has to mas-tered: whereas 159 Tb(III) contains a single nuclear spin isotope, I = 3/2, with 100% natural abundance, the natural composition of Dy(III) comprises seven isotopes, possessing two different nuclear spin states, I = 0 and 5/2. Recently, in the quest for improved SMM properties, some research groups exploited the synthesis of isotopically enriched Dy-SMMs to improve the magnetic hysteresis width by excluding nuclear spins. [41] The utilization of 164 Dy(III) (I = 0) led to the observation of enlarged hysteresis loops at zero field, in comparison to SMMs obtained from the naturally occurring isotopic mixture. On the contrary, investigation of the nuclear spin bearing materials, their quantum properties and their basic studies for their application as nuclear spin qubits remain scarce. [42] In the search for isotope-based quantum effects in SMMs we have prepared two isotopologue molecules: Et 4 N[ 164 DyPc 2 ] with I = 0 and Et 4 N[ 163 DyPc 2 ] with I = 5/2 (Et 4 N + being the tetraethylamino cation). Both isotopologues are SMMs, however their relaxation times as well as their magnetic hystereses widths differ considerably (Figure 6a-c) . QTM (via their energy level crossings) was found for both systems by ac-susceptibility and µ-SQUID measurement. [43] Concerning the second strong requirement, the presence of the quadrupolar term of the hyperfine coupling to guarantee an unequal energy spacing of the nuclear spin states to be addressed, the µ-SQUID loops for [ 163 DyPc 2 ] − revealed a staircase-like structure between ≈±20 mT (see Figure 6c right), which is clear evidence of hyperfine-induced QTM events. In this case, QTM arises from the nonzero transverse terms under C 4 symmetry, which allow the admixtures of the off-diagonal elements that mix the |J Z 〉 and the |J z − 4〉 levels affording an avoided crossing at zero field. [43] This crossing is further split, due to the entanglement between the |13/2〉 electronic and the I = being α, β, and γ the Stevens constants. The second term describes the Zeeman interaction, followed by the hyperfine and the quadrupole interaction parameters. Employing the reported LF values, [44] a hyperfine parameter, A hf = 0.0051 cm −1 and a quadrupole value of P = 0.014 cm −1 , we are able to reproduce the observed events. [43] Altogether, the presence of multiple nuclear-spin-driven QTM events as well as the determination of the hyperfine coupling and the nuclear quadrupole splitting prove that [ 163 DyPc 2 ] − could be potentially used as qudit with an increased Hilbert space of d = 6 in QIP schemes. This result provides a first example of how the spin ground state can be engineered by coordination chemistry of isotopes, or isotopological chemistry, employing nuclear spin isotopes.
In principle, just by replacing the central atom in the A LnPc 2 spin qudit by suited isotopes, a linear increase of the dimension of the Hilbert space can be achieved (see Table 1 ).
The isotopic nature of the central ion could be modified in order to yield a series of isotopologues of the following stable isotopes (among others): A Ln = 171 Yb (I = 1/2); 157 Gd (I = 3/2);
Adv. Mater. 2019, 31, 1806687 (I = 5/2) SMM character but revealing a significant difference in hysteresis and in the hyperfine-driven quantum tunneling event associated to the nuclear spins embedded in the 163-dysprosium (III) ion. Panels a-c reproduced with permission. [43] emphasized again, to ensure addressability by radiofrequency pulses of different energy, the presence of quadrupole interaction parameter P in the chosen isotopes is of primordial importance (see Equation (1)). To project how far the nuclear spin approach could remain valid, the use of the highest nuclear spin multiplicity available in the periodic system with I = 9/2 for 93 Nb would give a 93 NbPc 2 complex with a maximum achievable dimension of the Hilbert space of d = 10.
[45]
Exponential Scaling: Coupling of Nuclear Spin States
The second approach to increase the Hilbert space of a qudit, which means on molecular level the multiplicity of low-lying magnetic states, is based on the synthesis of multinuclear lanthanide SMMs, where dipolar or exchange interactions between the different lanthanide central ions would lead to an increased multiplicity of states (Figure 7a) . Future applications of molecular units in quantum information technologies will require a fine control of the position of quantum states at the single molecule level. This includes the choice of each functional element, the intramolecular interaction, and the robustness of molecules when dispersed on a substrate. With this in mind, we studied first a hetero-metallic phthalocyaninato complex including two different lanthanides in each moiety, namely Pc Mix DyPc 159 TbPc* (Pc being phthalocyanines; and Pc* being 2,3,9,10,16,17,23,24-octahexyl-substituted phthalocyanines, Dy in its naturally abundant isotopes' mixture). [46] Full magnetic characterization was performed down to the mK temperature range on bulk microcrystals by means of AC susceptibility, DC magnetization (including µ-SQUID) and specific heat measurements revealing sizeable interaction between the two lanthanides. Data analysis shows the presence of two thermally activated regimes and quantum tunneling particularly active at very low temperatures. Due to the intramolecular interaction, mostly of dipolar origin, the low temperature magnetization dynamics is dominated by a cotunneling process. Isolated Pc Mix DyPc 159 TbPc* molecules dispersed on HOPG and the Au surface by liquid phase deposition are proven to maintain unchanged in their main chemical nature. Opening of a small but sizable hysteresis loop at 1.8 K is directly observed on both 159 Tb and Mix Dy sites proving the retention of magnetization at the single molecule level after surface confinement.
In order to characterize the interaction between the two lanthanides in more detail, we investigated the low temperature The observed quantum tunneling of magnetization (QTM) events (above) and its derivate (middle) correspond to the Zeeman diagram of a spin qudit with d = (2 × 3/2 + 1) 2 = 16 (below). Panels in c reproduced with permission. [47] Copyright 2018, the American Chemical Society. physics of the respective isotopically pure dinuclear 159 Tb complex, namely Pc 159 TbPc 159 TbPc* (Figure 7b ). Structurally, each 159 Tb(III) metal ion exhibits a distorted D 4d local symmetry: one 159 Tb(III) is coordinated between the two Pc ligands with a CShM 15 value of 1.593, while the other 159 Tb(III) metal ion, being sandwiched between one Pc and one Pc*, a CShM of 2.553. [47] The distance within the molecule between the two 159 Tb isotopes is 3.5230(8) Å as determined by X-ray diffraction, while the shortest intermolecular Tb⋅⋅⋅Tb distance is with 10.8571(7) Å much larger, thus intermolecular interactions are expectedly small. Static and dynamic SQUID measurements on a magnetically diluted sample revealed a small ferromagnetic dipolar coupling between the electronic spins J = 6 of the two 159 Tb(III) isotopes and the expected SMMs behavior showing a single Debye process. Moreover, subkelvin µ-SQUID studies on single crystals with the magnetic field applied parallel to its C 4 axis elucidated small interaction between the nuclear spins I = 3/2 embodied in the 159 Tb(III) metal ions. Notably, the hysteresis loops in the vicinity of µ 0 H z = 0 show a staircase-like structure with seven transitions occurring at 0, ±15.4, ±30.4, and ±45.7 mT (see Figure 7c ) and an additional broad transition is also obtained at ±550 mT. The seven quantum tunneling transitions are very different compared to the situation in the mononuclear [ 159 TbPc 2 ] ±1,0 complex, [44] and also to some recently reported fused Pc-bridged Tbdimers, [48] where only four avoided level crossings are present, corresponding to the four nuclear states of Tb(III) ion, at ±12 mT and ±37 mT. The central hyperfine-driven QTM (hf-QTM) steps of the magnetization have previously been observed in other lanthanide systems, [44] however, what makes the Pc 159 TbPc 159 TbPc* system unique is the collective behavior triggered by the small coupling interaction between the 159 Tb(III) isotopes. This interaction connects the nuclear spins, causing not just hf-QTM occurrences, as observed in the [TbPc 2 ] − SMM, but more importantly it increases the multiplicity of states allowing the QTM at more resonance field positions than four (see Figure 7c , top). Our results, in addition diverge with those of the exchangebias driven QTM, where the resonance fields are shifted due to exchange with adjacent nuclei. [49, 50] To understand the µ-SQUID results we consider the distorted nature of the 159 Tb(III) isotope, which imposes a C 4 symmetry characterized by ligand field Hamiltonian of the form
nuclear spin states at the lowest energy point. Therefore, we conclude that simultaneous spin reversals at specific avoided crossings are observed, as long as the nuclear spin states are conserved. The results show for the first time that the reversal of the electronic spins occurs via cotunneling at specific level crossings, induced by the exchange operating between the Tb(III) ions, thus opening the possibility of manipulation of the many nuclear spin states. This results in an exponential increase of the multiplicity of states, which would allow the creation of large directories, i.e., the realization of a molecular spin qudit with a potentially exploitable dimension of d = 16 (with d = (2I + 1) n , where n = 2; I = 3/2). Up to date, the single molecule magnets of the double-decker type with the highest nuclearity are reported up to Ln 4 Pc 5 (Figure 8) , [51] however, without showing any evidence of QTM or nuclear spin interaction. This may be due the use of nonenriched Dysprosium metal sources; the mixture of seven different isotopes may hamper observation of QTM events. Also constitutes the central bridging ligand, a so called fused-Pc, namely bis{72,82,122,132,172,182-hexabutoxytribenzo[g,l,q]-5,10,15,20-tetraazaporphirino}[b,e] benzenato, an enlarged metal-to-metal distance. Beyond the Pc-ligand systems, lanthanide complexes incorporating the dianion of the 1,3,5,7cyclooctatetreane ligand system, COT 2− represent an interesting alternative to access Ln n L n+1 complexes implying Eu, Ho, Yb, and Tb isotopes. In gas phase, Eu(II) complexes with nuclearities up to n = 18 were reported, [52] while in solution n = 4 could be achieved. [53] If the observed high nuclearities could be synthetically combined with the maximum nuclear spin reported in 93 Nb isotopes (I = 9/2), [45] the Hilbert space of an hypothetical 93 Nb 18 spin qudit would scale to d = 10 18 ; a number well above to all to date Hilbert spaces for any qubit material.
As shown in this chapter, strong requirements for the exponential scaling of the Hilbert space in nuclear spin based qudits are that i) the nuclear spins are coupled to at least one electronic spin, ii) the electronic spins are coupled between each other, and iii) the tunnel splittings are not overlapping. For larger spin qudit systems, the energy level crossings might become rather close, a problem which is known under the term of "frequency crowding," that is, it will become more and more difficult to select the right transition. This problem is inherent to all quantum systems and only future will tell us the most suitable one. However, in most of the quantum operations it will not be necessary to resolve all transitions. In most of the cases, the result of a quantum algorithm is projected in the end of the operation onto a certain number of states that only should be read out precisely.
Conclusion
Despite all breakthroughs, one prominent but not realized target in the novel quantum paradigm is the universal quantum computer exhibiting quantum supremacy, which would allow the processing of information at quantum level for purposes not achievable with even the most powerful computer resources (e.g., search of unsorted databases, structural optimization of big-data analysis, secure quantum codes, etc.). One obvious challenge to be resolved toward the realization of such breakthrough technology concerns the scalability of the available Hilbert space. Recently, a proof-of-principle experiment was reported, in which the implementation of a quantum search algorithm (Grover's algorithm) in a single-molecule nuclear spin qudit (with d = 4), known as TbPc 2 , was achieved. Here, the nuclear spins of the lanthanides are here used as a quantum register to execute quantum algorithms. To exploit such enlarged quantum registers improved read-out experiments have to be developed. In a first step, generalized Ramsey interferometry is used to explore the enlarged Hilbert space of a single nuclear spin qudits and to accumulate geometric phases. Two distinct transitions of a nuclear spin were addressed to measure the phase of an iSWAP quantum gate and to determine the coherence time of a 3-state superposition with 90 ms. [32] In this progress report, we have addressed the goal of scalability of the available Hilbert space (expressed by the qudit-dimension d) by synthesizing mono-and multinuclear lanthanide metal complexes as to act as quantum computing hardware. The synthesis of multinuclear large-Hilbert-space complexes is proposed to be carried out under strict control of the nuclear spin degree of freedom leading to isotopologues, whereby, in principle, indirect coupling between eighteen nuclear spin units of I = 9/2 (via their electron spins and via bridging ligands) will exponentially extend the Hilbert space available for quantum information processing (d > 10 18 ); a number well above to-date records for available Hilbert space of the Intel 49-qubit chip with a dimension of to d = 2 49 corresponding to potentially only ca. 10 15 states. [8] 
